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Abstract
It will be shown how relatively simple models simulating bond interactions in solids using effective
potentials like Lennard-Jones and Morse can be used to investigate the effect of pressure-induced
stiffening or enhancement in these solids. The usefulness of the current study is the possibility of
deriving relatively simple dependencies of the bulk-modulus B on the pressure P in a way that is
completely free of microscopic material parameters wherever the solid bond interaction can be
described, or at least partially described, by Lennard-Jones potential approaches. Instead of bond
energies and length, only specific integral constants like Young's modulus and Poisson's ratio are
required. The influence of the pressure-induced Young's modulus change is discussed especially with
respect to mechanical contact experiments.

Introduction
As it is a well known fact that effective potentials like the Lennard-Jones LJ(m,n)

 σ  m  σ  n 
VLJ,(m,n ) = ε   −   
 r   r  

(1.1)

VMorse = ε e−2p(r −r0 ) − 2e − p(r −r0 ) 

(1.2)

or the Morse-potential

can be used in simulating the interatomic interactions in solids (e.g. [1 - 13]), we will not go into
detail about the application or concrete use of these potentials. In the equations above, p, ε, σ are
material parameters and r0 denotes the equilibrium bond length. Only the application of the various
potentials to different materials is important. We need to bear in mind that Lennard-Jones potentials
are more suitable for metallic bonds (like LJ(12,10)), ionic bonds with LJ(9,6) (e.g. [14 - 16]) or van der
Waals interactions with LJ(12,6), while the Morse potential can be used for covalent bonds. Also,
strong ionic bonds usually modeled with potentials like exp(r-r0)-α/r, with α denoting the Madelung
number, can be approximated by LJ(m,n)-potentials via clever choice of m and n [16]. This is of
importance here because the LJ-potentials allow very simple expressions for pressure dependency of
the elastic parameters without the need of specific material constants except the equilibrium state
Young's modulus and Poisson's ratio. In the present work, we will make use of these as effective
potentials, meaning, that instead of using the real interatomic bond length r0 as a basic parameter,
we can use any "effective" length with appropriate adapted interaction parameters. This will be valid
as long as r0 has been chosen small enough, and the structural symmetry of the material is
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maintained within such a scaling process [e.g. 19]. This might be a convenient procedure in case of
MD-simulations applied to meso- and macroscopic experiments like contact simulations.

Theory
We start with a Lennard-Jones-potential approach for the binding energy potentials of all atoms of
total number N at its lattice sites pij. With the material dependent parameters ε and σ we can give
the total free energy as:

VLJ,tot

 N  σ 12 N  σ 6 
4
= Nε  ∑ 
 − ∑ 
 
2
 j=1  p ijr 
j=1  p ij r  



(1.3)

For reasons of imageability, we note that such a potential is suitable for inert gas crystals, as an
example. For further evaluations, we express the sums as additional parameters A12 and A6 given as:
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N 
 1 
1 
A12 = ∑   ; A 6 = ∑  
 
 
j=1  p ij 
j=1  p ij 
N

6

(1.4)

The compression or bulk modulus is thus given by

 ∂P 
B = −V 

 ∂V T ,

(1.5)

with V defining the total volume and P the hydrostatic pressure of the atomic structure. At T=0 we
can write P=du/dv with u and v giving the free energy and the volume per atom, respectively. This
results in:

B=v

∂  ∂u 
 
∂v  ∂v  .

(1.6)

For an fcc-structure we have

∂
2 ∂
= 2
∂v 3r ∂r ,

v = r 3 / 2;

(1.7)

where r defines the distance to the next neighbor. Thus, we obtain:

2  ∂ 1  ∂u  1 ∂ 2 
r 
u
  +
9  ∂r r 2  ∂r  r 2 ∂r 2 

σ6 
σ6
= 4 2 ε 9 10 A12 9 − 3 A 6 
r 
r


B=

(1.8)

In the state of equilibrium the average distance to the next neighbor will become r=r0 and the first
derivative of the free binding energy must be zero. Which leads to:
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B0 = B(r = r0 ) =
r 
= 0 + 2 2 u =

 2 u
9  ∂r r 2   ∂r
 r ∂r  9r0  ∂r  r = r0

4ε
3/2
= 3 A5/2
6 / A12
σ

(1.9)

In order to determine B as a function of P we also need to derive P=du/dv resulting in

P = −4 2 ε

σ6
r9



σ6
2
A
 12 6 − A 6 
r



(1.10)

With P=0 we can further extract the distance of equilibrium r=r0

r0 = σ 6

2 A12
A6

(1.11)

It is convenient to express P and B in units of B0 and substituting r=c*r0 resulting in the rather simple
and completely material parameter free relations:

P / B0 =

1
c9

1 5
 1

1 − c6  ; B / B0 = 2c9  c6 − 3

(1.12)

Due to the apparent simplicity of the above expressions we need to point out, that apart from using
the Lennard-Jones-approach for the description of the inter-atomic interaction and the assumption
of T=0 no approximations have been made. Thus, the expressions (1.12) are quite general. It should
be noted also that the expressions v=f(r) and thus, dv=f'(r)dr as given in (1.7) are dependent on the
concrete crystal structure of the material in question. This does not affect however, the resulting
expression for P/B0 and B/B0.
Now we introduce a much more general LJ-potential LJ(m,n):

VLJ,m,n

 N  σ m N  σ n 
4
= Nε  ∑ 
 − ∑ 
 
2
 j=1  pijr 
j=1  p ij r  

,

(1.13)

again introduce additional parameters Am and An given as:
m

N 
 1 
1 
Am = ∑   ; An = ∑  
 
 
j=1  p ij 
j=1  p ij 
N

n

(1.14)

and repeat the evaluation outlined above for the LJ-(12,6)-potential.
The relations for r0, B0, P/B0 and B/B0 then change to

r0 = σ ⋅ m − n

4

m A12
n A6

(1.15)

3+ n

 A  n−m
2 2ε
B0 =
n ( m − n ) An  m 
3
9σ
 An 

(1.16)

and

P / B0 =

3
1
1 1 
3+ m 3+ n 
− m  ; B / B0 = 3
− n 
n

c (m − n) c c 
c ( m − n )  cm
c 
3

(1.17)

In the case of Morse potentials the ratios P/B0 and B/B0 are a bit less simple, namely:

er0p(1−c)
er0p(1−c)
r0 p(1−c)
1 − e
 ; B / B0 =
2 1 + r0 p c ) er0p(1−c) − 2 − r0 p c 
P / B0 =
2 
2  (
r0 p c
r0 p c
.

(1.18)

Results
The main task of the paper is the development of the pressure dependency of the bulk modulus.
However, the Bulk or Compression modulus is a function of Poisson's ratio ν and Young's modulus E

B=

E
3 (1 − 2ν )

(1.19)
.

Since the pressure dependency of the Poisson's ratio is demonstrated to be negligible (e.g. [20]), the
results also indicate the pressure dependencies for Young's modulus as well. In the case of LJ-(m,n)
potentials we obtain:

E / B0 =

3 (1 − 2ν )  3 + m 3 + n 
1
3 + m 3 + n 
− n  ; E / E0 = 3
− n 
3
m

c (m − n)  c
c 
c ( m − n )  c m
c 

(1.20)

and in the case of Morse potentials the ratios E/B0 and E/E0 are:

E / B0 = 3 (1 − 2ν )

er0p(1−c)
 2 (1 + r0 p c ) er0p(1−c) − 2 − r0 p c 
r0 p c2 

er0p(1−c)
 2 1 + r0 p c ) er0p(1−c) − 2 − r0 p c 
E / E0 =
2  (
r0 p c

(1.21)
.

Pressure dependency of the bulk modulus B
The high pressure experiments of Eremets and co-workers [17] (up to 200 GPa) show that the
pressure dependent bulk modulus for diamond are described by the following parameters for p and
r0 [18, 19]: p = 0.963 108/cm and r0 = 3.567 Å. Figure 1 shows this dependency from P/B0 = -0.5 to the
theoretical decomposition strength, which is found to be at P/B0 = 0.158849 (curve for diamond and
Si).
Figure 1 also shows a variety of other materials (silicon, germanium and gray tin) described using the
Morse potential. It is of special interest, that silicon and diamond are almost similar with respect to
their bulk-pressure dependency. In figure 1 the two curves cannot be distinguished. On first sight this
5

fact is a bit surprising due to their relatively big difference in r0 (5.430 Å for silicon). However, this
difference is almost completely compensated due to the parameter p being p = 0.638 108/cm for
silicon making the products of p*r0 almost equal for the two materials. It is p*r0 = 3.43502 for
diamond and p*r0 = 3.46434 for silicon. In this context it might be informative to express p as
function of r0, B0 and the cohesive energy U of the equilibrium lattice, being valid for silicon and
diamond [19]:

p=

3 B0 r0
.
4
U

(1.22)

Now we concentrate on the Lennard-Jones potentials. A variety of B-P-dependencies for different LJpotentials is presented in Fig. 2. We find that for typical metals LJ-(12,10) and van der Waals bonds
LJ-(12,6), the pressure dependency of the bulk modulus is much more pronounced compared to
diamond or silicon (c.f. fig. 1). It is also noted that with respect to the pressure-bulk-dependency,
diamond, silicon or germanium can in principle be simulated by parameter free LJ-potentials of the
type LJ-(m,1) with m= 3...12. However, this is only possible in the compressive regime for c < 1
respectively r < r0.
We are not considering temperature effects here, but it should be mentioned that temperature T can
be taken into account by applying, for example, potential functions with temperature dependent
parameters like U(T), r0(T) and p(T) for the Morse-potential (leading to so called shifted potentials).

Estimate for dilatation or critical bond distance
It is possible to discuss the ideal strength of a material by the means of the first derivative of the
interatomic bond energy with respect to the bond distance r. Using our results of P/B0 we do have
this derivative already at hand (e.g. fig. 3) and in using the pressure we even have a direct physical
meaning for the critical bond. As a measure of the critical bond distance, the maximum of P/B0
multiplied by a certain factor could be used. We do not consider this factor now, especially as it is
material dependent, but we can use the expressions derived for P to give potential dependent values
for the position of the P-maxima. For the Morse potential we have to solve the following equation
numerically (r00 = p*r0):

6 (1 + cm r00 ) − 3e r00 ( cm −1) ( 2 + c m r00 ) = 0

(1.23)

to extract the critical c-value cm for maximum P(c). We can find a much simpler expression for the LJ(m,n) potential, namely:

cm = m−n

3+ m
.
3+ n

(1.24)

Comparing with the second equation in (1.17) we see that this is also the bond distance where B
tends to become negative.
As a purely mathematically based measure for the critical bond length, the inflexion point for cifp>cm
could be used. This can either be numerically obtained for the Morse potential via:

6 + cifp r00 ( 4 + cifp r00 ) − 2e 00
r

(1−cifp )
6

( 3 + 2c

r

ifp 00

(2 + c

r

ifp 00

)) = 0

(1.25)

or for LJ-(m,n) potential:

cifp = m − n

12 + 7m + m 2
.
12 + 7 + n 2

(1.26)

We find that this gives quite reasonable values (diamond: cifp = 1.29676; silicon: cifp = 1.29484; LJ(12,6): cifp = 1.17759; LJ-(9,6): cifp = 1.20123; LJ-(12,10): cifp = 1.14834) in good agreement with the
rule of thumb estimate given by Kelly and Macmillan [21] being rcrit = 1.2*r0.

Effect on Young's modulus from nanoindentation experiments
Firstly, we need to derive an equation of the elastic state of equilibrium for the case of pressure
respectively strain dependent Young's or Bulk modulus. We know that the elastic field within a
material free of intrinsic forces should satisfy the following equation:

τik ;k = 0

(1.27)

with the semicolon denoting the covariant derivative, and τik giving the stress tensor in arbitrary
curved coordinates. Changing to Cartesian coordinates and introducing Hooke's law gives:

 E  ν

u ll δik + u ik  
σik ,k = 0 = 

  ,k
 1 + ν  1 − 2ν

(1.28)

where we applied Einstein's summation convention in ull for the strain tensor uik. With a pressure
dependent Young's modulus, this equation immediately becomes non-linear. It might still be possible
to solve this by the means of perturbations of the classical solutions for the homogenous linear
equation, where E is a constant (solutions for this case can be found in a great variety of publications
and text books (e.g. [22 - 24])), but here in this short note we will only present an effective
discussion. For this we concentrate on solutions based on the separation of variables approach for
the linear homogeneous version of (1.28) containing a constant E (e.g. Stone [24]). Without much
effort, one can see from the figures 1 and 2 that a relation for the pressure dependency of B of the
kind B(P)=B0+b*P can be applied at least in the compressive regime with relatively good accuracy.
Figure 4 shows the hydrostatic stress for a contact situation of two diamond paraboloids of the shape
Z(r)=r2/2R with R=2µm under a load of F=1mN. Applying the linear expression for B(P) using the
parameters of [19], resulting in b=3.8325, one can evaluate - as a first approximation derived from
the linear homogeneous solution - the Young's modulus distribution under the indenter. Equilibrium
values for Young's modulus and Poisson's ratio used are 1141 GPa and 0.07, respectively. Fig. 5
shows the resulting Young's modulus profile directly following from the pressure profile given in fig. 4
taking the results presented above. For the presentation and simplified evaluation both, figures are
converted to a paraboloid on a flat surface with a new effective radius of 1µm for the paraboloid. We
see, that in fact a significant change of Young's modulus can be observed underneath the indenter.
By weighting the calculated Young's modulus distribution with displacement w in z-direction of the
homogeneous solution one can obtain a first estimate for the measureable effective Young's
modulus underneath the indenter at maximum load. We obtain from

E

eff

=

2π ∫ E ( r, z ) ⋅ w ( r, z ) rdr dz
V

2π ∫ w ( r, z ) rdr dz

(1.29)

V

for the example above Eeff = 1197 GPa, which in fact is significantly higher than the equilibrium
pressure free value of E=1141GPa. We point out that the load applied here is well below the yield
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strength limit of diamond as the maximum von Mises stress for this example is about 29GPa. By
increasing the load to the yield strength maximum of diamond of approximately 57GPa [17] (F=7.4
mN for our example) the effective Young's modulus would increase to Eeff = 1346 GPa. We explicitly
point out that the yield strength of Y=57GPa refers to the unstressed state P=0 and thus should be
denoted Y0. In nanoindentation experiments, an average Young’s modulus from data over the whole
unloading is obtained rather than that at maximum load. Thus, one should expect a physical
dependency of the measured Young's modulus from the section of unloading curve being used for
the analysis. A fit ranging from 30% to 99% of the maximum load should give a somewhat lower
effective Young's modulus than a fit ranging from 55% to 99%. Here perhaps might be one
explanation why so-called continuous stiffness measurements for very hard materials are usually give
somewhat higher Young's modulus results at higher loads compared to results coming from the
whole unloading curve starting at the same load. Nevertheless, the effect should be experimentally
notable also for the latter.
Thus, the question to answer here is what effect, if any, does this have on the results of analysis of
conventional nanoindentation experiments where the theoretical models used assume a
homogenous half-space? In order to answer this question we remind ourselves that the
displacement in z-direction w is proportional to the inverse of the Young's modulus, or more
precisely (1-ν2)/E. Thus, with a pressure induced increase of the Young's modulus at the contact
centre one would expect there to be a slightly smaller displacement. From the Young's modulus
distribution shown in fig. 5 one can show that this effect becomes ever smaller the closer one moves
to the edge of the contact. However, higher contact resistance at the centre, with a decrease
towards the contact edge also occurs for sharper indenters. Thus, for an effective and figurative
understanding of the effects of the pressure induced Young's modulus increase one can make use of
an effective surface shape adaptation of the contacting bodies by simply applying a rule like:

Zeff (r) = Z(r) − c ⋅ σll (r, z = 0)

(1.30)

with a constant c to be determined.
Applying such a concept now to the example of the two diamond paraboloids given above the new
shape function describing the distance between the two bodies is approximately

Zeff (r) = 2 ⋅ Z(r) − c ⋅ σll (r, z = 0)
 r2

r2
r4
r6
5 r8
≈ + c⋅ + 3 +
+
+ ...
3
7
R
 2 a 8a 16 a 128a


(1.31)

with a denoting the contact radius of the contact situation between the two diamond bodies. Now
we use this sharpened effective indenter and reevaluate the contact situation at F=1mN. For any
reasonable choice of c (0 > c << 1) we obtain sharpened effective indenters and reduced contact radii
anew < a. However, we also obtain an increased penetration depth by using the original zero pressure
Young's modulus E. For any effective Young's modulus Eeff > E we always can find one constant c,
where the resulting penetration depth is equal to the classical result with a homogeneous Young's
modulus distribution. For the load situation F=1mN, with our two diamond paraboloids, we would
need c=0.009 to fully compensate for the pressure induced Young's modulus increase with respect
to the penetration depth in comparison with the homogeneous solution. For a loading situation near
8

the yield strength (F=7.4 mN), c needed to be 0.07. The resulting contact situation is shown in figure
7. We note that under the compressed conditions the maximum von Mises stress at the onset of
plastic flow underneath the indenter exceeds 90GPa which is significantly larger than Y0=57GPa with
reference to the unstressed state with P=ull=σll=0.
A slightly different situation occurs however when the resulting pressure distribution at maximum
load is that of a flat punch with rounded edges or close to such. Then the pressure distribution
cannot "sharpen" due to the pressure induced local Young's modulus increase simply because the
highest Young's modulus will always occur at the edges of the contact zone. To understand this
better we have to consider the physical meanings behind the usual curve fit performed to any
unloading process in instrumented indentation. It usually is of the form:

F = C ⋅ (h − h 0 )m

(1.32)

with F, h and h0 denoting load, depth and residual depth, respectively and C and m being fitting
parameters. It can be shown [e.g. 30] that such an unloading curve is always connected with an
effective indenter of the shape

Z(r) = B ⋅ r n ,

(1.33)

with:

m = 1+

1
n
1

n  n
 n  1 
C = 2 ⋅ Er ⋅ 
⋅
⋅
1
−
ε
⋅

  
n + 1  
 n + 1  B 
1 1 − νi2 1 − νs2
=
+
Er
Ei
Es

(1.34)


 m 
Γ

1  2 ⋅ m − 2  

ε = m ⋅ 1 −
π Γ  2 ⋅ m −1  

 2⋅m − 2 



The indices i and s are standing for the indenter and sample, respectively. One finds that already for
n>3 the resulting pressure distribution for the unloading curve at maximum load is such, that
sharpening is almost impossible (fig. 8). As such n would be equivalent to m<1.4 one has to ask the
question why even in such cases the effect of pressure induced stiffening has not been observed so
far. The answer lies in the instrumented analyzing procedure itself, where the contact radius is not
been measured directly, but rather the contact depth hc, being the difference between displacement
in direction of penetration at centre of contact and at the edge. This plays an important role and has
to be evaluated via (c.f. [31]):

h c = h max − ε ⋅

Fmax
dF
; S=
S
dh

(with S denoting the contact stiffness).
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(1.35)

Using the equations presented above, it is easy to give the contact stiffness S as function of Er, n and
B of the indenter shape (1.33). One finds that S is directly proportional to Er. We also know, that the
elastic part hel of hmax can always be given with the following integral relation [25]:

h el ~

1
⋅ ∫∫
E r contact
area

σsurface (x 0 , y0 ) dx 0 dy0

( x c − x 0 ) + ( yc − y0 )
2

2

+z

(1.36)
2
surface

( σsurface (x 0 , y0 ) ...surface pressure distribution between indenter and sample, {xc,yc} ...contact
centre). Now, with n>3 (no respectively only insignificant sharpening possible) we have the
interesting fact, that both the elastic part of hmax and the term ε ⋅

Fmax
in equation (1.35) are
S

inversely proportional to Er. This indicates, that with increasing Er there is little apparent change in
the resulting hc. Of course, due to the complex dependencies between load, shape of the indenter,
resulting contact radius and thus also contact depth, the resulting behavior is slightly more difficult.
But still the change in hc even for our rather extreme example of diamond pushed to its yield
strength limits and beyond does not show much effect with respect to hc (figure 9). The parameter B
in figure 9 has been chosen such, that always the hardness of diamond would have been reached,
meaning the contact situation was always at the transition point of elastic to plastic in order to have
boundary conditions as realistic as possible to a real contact experiment where the elastic limit has
been exceeded. It should be pointed out that as mentioned previously, the averaging over the
unloading data is used for the fitting process. This is of influence, because with decreasing load
during the unloading also the effective and measurable, integral Young's modulus is decreasing
towards its equilibrium value.
To sum it up:
1) The local pressure-enhanced Young's modulus depends on the surface pressure distribution of any
contact in a complex manner.
2) For indenters with spherical shape we have Hertzian like surface stress distributions with their
maxima at the centre. This higher pressure enhanced Young’s modulus in the centre of the contact
results in a different pressure distribution for spheres in contact (or one sphere on a flat surface).
3) When the different pressure distribution is not considered, the higher effective modulus would
cause a reduced indentation depth.
4) Instead of using the pressure distribution for an ideal sphere and solving the resulting nonlinear
partial differential equation resulting in the case of pressure dependent Young's moduli, the changed
contact conditions due to the pressure enhanced modulus can be approximated by a different
effective indenter shape.
5) The modified pressure distribution is valid for an effective indenter which is sharper than the
original one (which in our example was a r2-paraboloid).
6) Using the pressure-enhanced integral Young's modulus from equation (1.29) this "sharper
effective indenter" causes a larger indentation depth in the centre of the contact but a lower contact
radius compared to the original real indenter shape. Still, the centre penetration depth might not
reach the value of the original indenter with the original non-enhanced modulus, but apparently the
sharpening effect can reduce the enhancement effect on the resulting penetration depth such that it
is not seen within indentation experiments.
7) The same discussion is also valid in the case of unloading curves of effective indenters of shape
(1.33) in elastic-plastic indents as long as n is not bigger than 2.5.
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8) In the case of more blunt indenters (real or effective) of a shape exponent n>2.5, which
corresponds to a power law fit exponent of m<1.4 the effect of enhancement must be discussed by
means of the standard analyzing formula for the contact depth (1.35) of instrumented indentation.
9) Here one finds that both terms, the positive h max and the negative one −ε ⋅

Fmax
, in (1.35) are
S

almost equally indirect proportional to the reduced modulus Er. This reduces the effect of pressure
enhancement on hc.
10) With not much change in hc however, the effect cannot be observed in standard instrumented
indentation, because it relies on the determination of hc.
11) In addition we have an averaging over the whole fitting part of the unloading curve further
reducing the effect of pressure increased Young's modulus on the resulting penetration depth.
Taking these results the comment must be given that many indentation experiments are in fact
showing a pressure induced Young's modulus profile effect but this effect is being at least partially
compensated for by the change of the surface compliance distribution itself resulting from the
Young's modulus profile. Another explanation might be that the effect simply is not generally
observed because of the low influence on hc and the averaging over the unloading curve as outlined
above. It seems that these compensation effects are big enough to let the overall effect partially
disappear with respect to the measured penetration depth of practical indentation experiments. It
must be noted however, this does only hold for the penetration and contact depth but not the
contact radius. The latter is significantly smaller than in the effective homogeneous half space
description with assumed constant Young's modulus as being used in most classical contact mechanic
models. For our example above, taking F=7.4 mN for instance, the contact radius is only
a=176.901nm with assumed fully compensating c=0.07, while the classical theory would predict
a=213.125nm. This is a deviation of about 1/6th. In the F=1mN case however, this difference is much
less pronounced with a about 103nm instead of the classically expected 109.368nm. Therefore, the
effect should be studied in more detail with respect to the true contact radius, displacements as well
as stress and strain fields. Here, especially direct measurement of the contact radius should give an
excellent inside view into the true nature of a mechanical contact experiment. Using additional
degrees of freedom for the indenter movement might be a way for a direct measurement of the
contact radius [26, 27].
Another interesting question is that whether the effect of pressure induced Young's modulus
increase could explain recently discussed ultra-hardness (H>100GPa) results reported for certain
nanocomposite coating materials like nc-TiN/a-Si3N4 or nc-TiN/a-Si3N4/TiSi2 (for a discussion see e.g.
[28]). At first it should be made clear however, that within this short note we are not considering the
widely published measurements of such samples with claimed hardness of 106-115GPa, but will only
discuss the theoretical possibility of such indentation results. For more information, the reader is
referred to [28], [29], [32] and the original references given there.
It is thus illustrative to actually see what interatomic interactions might be necessary in order to at
least theoretically, or hypothetically, obtain such hard nano-composite materials. As an example we
use the results for such a coating with claimed hardness of 113.2 GPa [32]. Reanalyzing of the loaddepth data for the indentation in question as obtained from one of the authors of [29] and correcting
for the coating structure (6µm coating on steel) as reported in [32] the resulting true coating Young's
modulus is about 484 GPa. With respect to the coating correction the reader has to be referred to
the literature (e.g. [33 - 36]) as an elaboration of the method is beyond the scope of the present
work. The original Young's modulus claimed for this coating by the means of the same data was 698
11

GPa [32]. It has been shown in [28] and [29] however, that even without the coating correction
applied here, the correct result for the Young's modulus must lie well below 500 GPa (431,5 GPa with
classical power-law fit as performed by the author, but see also [28] and [29] for comparison). By the
means of [35] we can also evaluate the yield strength from the indentation data and find it to be
around 48.6 GPa, while the coating hardness was found to be 64 GPa. This is rather far away from
the claimed 113.2 GPa in [32] and so we want to investigate the possibility of pressure enhancement
causing a smaller real contact radius and thus a higher hardness than obtained with classical analysis
methods.
Now, with the apparent equilibrium values for Young's modulus and Poisson's ratio to be 484 GPa
and 0.26, respectively we could try to reproduce the hardness findings mentioned above by means of
increasing b until the required hardness has been reached. Setting Fmax=70mN and assuming a
diamond tip of exactly the shape of the effective indenter we get B=0.427 µm1-n and n=2.4 using the
equations for Z=Brn given above. We hypothetically assume to have the technical means of
measuring the contact radius "a" directly and derive the hardness change as a function of Er-increase
caused by the pressure induced stiffening using our quasi linear approximations given above. Figure
10 shows this dependency. For reasons of simplicity we have set the strengthening factor b equal for
both indenter and sample. From figure 10 we see, that it requires at least b>15 to obtain the
expected hardness. What is more, we have to bear in mind that this can only be obtained with an
absolutely hypothetical indentation test instrument where the contact radius a can be obtained
independently from the load or the displacement. Thus, it is unlikely, given the required value of b,
that the reported values for hardness for these materials arises from a pressure-enhanced effect.
[32].
In addition it should be noted that the constraint factor, with respect to the pressure state yield
strength H/Y(P) with Y(P) giving the yield strength at the onset of plastic flow, almost stays constant
for rather different enhancement factors b. It might be necessary to point out here that with respect
to the simulation of the onset of plastic flow, indentation models containing plasticity (e.g. the
expanding cavity model), it should be Y(P) which determines the onset of plastic flow. This is because
it is the effective yield strength in the physical contact situation of the onset of plastic flow which is
important and not the theoretical or uniaxial-stress-obtained yield strength Y0. In an actual contact
experiment, the material simply doesn’t start to flow plastically at Y0, because of the stiffening effect.
For some materials (like metals) one can ignore this while for others it appears to make a significant
difference.
Where and when has the effect to be taken into account?
It is the value of E0/Y0 which matters most. If the material is “strong” enough to reach high
hydrostatic stress states without decomposition (plastic flow or fracture), then the enhancement
effect comes into play and can have significant influence on the results for Y(P), H and a. As a rule of
thumb one could establish a figure like b*Y0/E0. Apparently as long as b*Y0/E0 < 0.05 the pressure
induced Young's and bulk modulus increase has a negligible effect on indentation analysis.

Discussion and Conclusions
Relatively simple relations for the pressure-induced change of bulk modulus have been derived from
Lennard-Jones and Morse potentials. It was shown that for the compressive regime, the dependency
12

of the bulk modulus as a function of the pressure can be approximated by a linear expression with
good accuracy even until pressures up to 50% of the bulk modulus.
The results have been applied to hypothetical nanoindentation experiments and it was shown that
the pressure induced change of the bulk modulus should in principle result in a pronounced profile of
the Young's modulus being detectable within ordinary nanoindentation experiments. However, it
was also shown that the Young's modulus profile within the contact zone leads to a new contact
situation such that the effective higher Young's modulus effect appears to be compensated for with
respect to the total penetration depth being measured within the contact experiment. The actual
contact radius on the other hand should be significantly smaller than the one being calculated by
taking classical theoretical approaches incorporating a constant Young's modulus. It might well be
that the reason that this effect has not been discussed more intently until today is that the contact
radius is not usually measured directly in indentation experiments.
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Figure Captions
Fig. 1: Compressive or bulk modulus as function of the hydrostatic pressure evaluated from (1.18) for
diamond, silicon (the two curves fall together), germanium and gray tin
Fig. 2: Compressive or bulk modulus as function of the hydrostatic pressure evaluated from (1.17) for
a variety of Lennard-Jones LJ-(m,n) potentials
Fig. 3: Pressure as function of bond length r divided by equilibrium bond length r0 for the LennardJones LJ-(12,10) potential
Fig. 4: hydrostatic stress distribution for diamond on diamond contact situation (see text)
Fig. 5: Young's modulus profile resulting from the hydrostatic stress shown in fig. 4
Fig. 6: Effective shapes and original surface shape for different load situations (s. text)
Fig. 7: von Mises stress distribution underneath indenter with Eeff=1346GPa at F=7.4mN with
effective surface shape as shown in fig. 6
Fig. 8: Resulting first invariant stress distributions on the surface for indenters of shape Z(r)=Brn with
n=2, 2.5 and 3
Fig. 9: Approximation of pressure induced Young's modulus increase on contact depth hcp divided by
the hc=hc0 of the unpressured Young's modulus state as function of the reduced modulus Er for
different indenter shape exponents n (see text). With increasing n the deviation between hcp
and hc0 also increases. However, from the upper curve with n=2 via n=4, 6, 8 to lowest curve
with n=10 the change is relatively small
Fig. 10: Hardness as function of parameter b for pressure dependent Young's modulus of the kind
E(p)=E0+b*p. Parameters are extracted from a real test for which a ultra hardness of 113.2 GPa
has been claimed in [32]. A rather unrealistic b>15 is required to explain the hardness finding by
the pressure dependent Young's modulus.
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